Abstract. In high-current tokamak devices such as ITER, a runaway avalanche can cause a large amplification of a seed electron population. We show that disruption mitigation by impurity injection may significantly increase the runaway avalanche growth rate in such devices. This effect originates from the increased number of target electrons available for the avalanche process in weakly ionized plasmas, which is only partially compensated by the increased friction force on fast electrons. We derive an expression for the avalanche growth rate in partially ionized plasmas and investigate the effects of impurity injection on the avalanche multiplication factor and on the final runaway current for ITERlike parameters. For impurity densities relevant for disruption mitigation, the maximum amplification of a runaway seed can be increased by tens of orders of magnitude compared to previous predictions. This motivates careful studies to determine the required densities and impurity species to obtain tolerable current quench parameters, as well as more detailed modeling of the runaway dynamics including transport effects.
Introduction.-Disruptions and their risk of creating a runaway-electron beam are considered a serious threat to the successful operation of large tokamaks. A robust and thoroughly validated disruption mitigation scheme is therefore critical, and remains one of the outstanding challenges for ITER [1] . Successful disruption mitigation must both limit the forces and thermal loads from the disruption, and prevent runaway beam formation insofar as this is possible. In order to limit the forces from halo and eddy currents on the vacuum vessel, the current quench duration must be kept within a time interval of approximately 50-150 ms, which is typically achieved by injection of high-Z impurities [2] .
The induced electric field in the current quench after impurity injection has the potential to create a large runaway beam through the avalanche effect, whereby runaway electrons multiply by large-angle collisions with cold electrons [3, 4, 5] . The maximum multiplication of a runaway seed is exponentially sensitive to the plasma current, meaning that the runaway avalanche can become problematic in reactorscale tokamaks [5] . The avalanche multiplication factor is therefore a key parameter for runaway generation in high-current devices; in particular, it determines the maximum plasma current above which a small seed can be multiplied into a dangerous runaway current [6] .
Apart from its effect on the thermal and current quench dynamics, impurity injection has a direct effect on runaway dynamics. Early calculations indicated that an increased average ion charge would reduce the avalanche growth rate [5] , in which case a disruption mitigation system based on massive material injection would also act to suppress runaway generation during the current quench. However, even though the collision rates are increased significantly in the presence of partially ionized high-Z impurities [7, 8] , recent work has indicated that the avalanche growth rate is in fact increased in the presence of strong electric fields and for certain plasma compositions [9, 10] . This is because the increased dissipation is counteracted by an even larger increase in the number of target electrons available for runaway multiplication by large-angle collisions. Consequently, the effect of partially ionized impurities on the avalanche growth rate must be accounted for in runaway modeling.
In this Letter, we investigate the effect of massive gas injection on avalanche runaway generation. We derive an expression for the avalanche growth rate, which we use to determine the avalanche multiplication during a current quench. In order to isolate the avalanche dynamics, we consider an idealized scenario where a thermal quench has produced a cold partially ionized plasma containing a seed runaway population.
Under these circumstances, we analyze the subsequent avalanche multiplication of such a surviving seed.
Runaway avalanche multiplication in tokamaks.-The avalanche runaway dynamics are governed by the growth-rate equation
where n RE is the runaway electron density, Γ denotes the momentaneous avalanche growth rate, where we have neglected radial transport and toroidal effects of runaways, which have been analyzed recently in [10, 11] . Ever since the first identification of runaway avalanche multiplication in plasmas by Sokolov [3] , it has been predicted that for large electric fieldsfar exceeding the avalanche threshold-the avalanche growth rate in a plasma is approximately proportional to the electric field component along the magnetic field, Γ ≈ Γ 0 E . In a tokamak, especially near the magnetic axis where the bulk of runaway generation often occurs [12] , the magnetic field is nearly aligned with the toroidal direction, and the growth rate equation takes the form
Here, the toroidal component of the electromagnetic vector potential is given by A ϕ = − ψ p /2πR, with ψ p the poloidal flux and R the major radius of the tokamak. Assuming an initial runaway seed population with density n seed at the end of the thermal quench, we may write the resulting runaway density as
where N ava is the logarithm of the avalanche multiplication factor. When Γ 0 does not change appreciably in time, N ava becomes independent of the details of the time evolution of the electric field, and is completely determined by the net change in the local poloidal flux:
where R 0 is the major radius of the magnetic axis. In ITER, the central poloidal flux may be of the order of ψ p ≈ 70-100 Vs [13] , which implies maximum multiplication factors in the range of exp(N ava ) ≈ 10 13 -10 17 near the core, using the Rosenbluth-Putvinski expression for the growth rate Γ 0 = e/(ln Λm e c √ 5 + Z eff ) [5] with ln Λ = 15 and a plasma effective charge Z eff ≡ j n j Z 2 j /n e = 1. For a fixed runaway seed it is thus the product of avalanche growth rate and poloidal flux change, Γ 0 ∆ψ p , that determines whether an unacceptably large runaway beam will form.
In the presence of partially ionized impurities, the avalanche growth rate will no longer be directly proportional to the electric field, as assumed above, and the multiplication factor will instead become sensitive to the details of the E-field evolution. In the large-aspect-ratio limit with circular concentric flux surfaces, the parallel current and electric field satisfy
which has been widely used in disruption runaway modeling [12, 14, 15, 16] . Here, r denotes the distance from the magnetic axis, and we assume there is a conducting wall at the minor radius r = a, where E(a) = 0. An approximation of the avalanche multiplication factor can be obtained in the trace-runaway limit, j = σE , and the conductivity σ is constant. An eigensolution of (5) is then given by
where I 0 is the total initial plasma current, J n denotes the n'th Bessel function of the first kind and x 1 ≈ 2.4 is the first zero of J 0 . In this case, the electricfield evolution is given by σE(r, t) = j(r, 0) exp(−t/t CQ ), where the current quench e-folding time is
which should be approximately in the range of 22-66 ms [14] to be consistent with a total current quench duration of 50-150 ms. This allows us to explicitly integrate the runaway growth rate equation (1) to give the maximum avalanche multiplication factor through
where σE initial = j(r, 0), and the effective critical electric field E eff c is defined by Γ(E eff c , r) ≡ 0. This result allows us to qualitatively assess how a change in the growth rate Γ results in a modified avalanche amplification of the runaway population during a current quench in a disrupting tokamak plasma.
Avalanche growth rate in partially ionized plasmas.-To determine the avalanche growth rate in a partially ionized plasma, we consider the kinetic equation in a uniform and magnetized system:
where f is the electron distribution function, p = γv/c is the normalized momentum, E is the component of the electric field which is parallel to the magnetic field B and ξ = p · B/(pB) is the cosine of the velocity pitch-angle. The large-angle collision operator, which gives rise to the runaway avalanche, is denoted C ava , and it is assumed that the critical runaway energy far exceeds the ionization energy such that this source is proportional to the total (free plus bound) electron density n tot e . The normalized collision frequenciesν s (p) andν D (p) account for the effect of partial screening as described in [7, 9] and reduce to the completely screened limit (of a fully ionized plasma with the same net charge)ν D → 1 + Z eff andν s → 1, if the energy variation in the Coulomb logarithm is ignored. Letting n e denote the density of free electrons, the relativistic collision time is τ c = 4π 2 0 m 2 e c 3 /(n e e 4 ln Λ c ), with the relativistic Coulomb logarithm ln Λ c ≈ 14.6 + 0.5 ln(T eV /n e20 ), where T eV is the electron temperature in electronvolt and n e20 is the density of the background electrons in units of 10 20 m −3 [9] . The (Connor-Hastie) critical electric field is E c = m e c/(eτ c ), which may be substantially lower than the effective critical electric field E eff c , as the latter accounts for radiation as well as collisions with partially ionized impurities.
To determine the avalanche growth rate, we consider the following three regions in electric-field strength and pitch-angle scattering rate, similarly to Rosenbluth and Putvinski [5] :
1,ν D = 0: At high electric fields (corresponding to small critical momenta), we take the completely screened approximation of the slowingdown frequencyν s ≈ 1, which gives the same growth rate as in [5] ;
(ii)ν D E /E c 1: Here, we adopt an ordering in a small parameter δ according tō
Solving (9) to order δ 0 gives an expression for the growth rate in terms of a weighted integral over the collision frequencies. If E 2 /E 2 c 3ν sνD , which is consistent with the ordering in (11), the resulting growth rate is approximately given by
where p = 4 ν s (p )ν D (p )/ E /E c takes the form of an effective critical momentum for runaway acceleration. Being defined only implicitly through this relation, it must in general be evaluated numerically.
We demand that the avalanche growth rate vanishes at the effective critical electric field. Therefore, for weak electric fields,
We use the expression for E eff c derived in [8] ‡, which accounts for screening effects and radiation reaction. ‡ A numerical implementation of E eff c is available at https: //github.com/hesslow/Eceff.
The expressions (10), (12) and (13) 
We note that, for weakly ionized plasmas dominated by heavy impurities, the behavior ofν s andν D are such that we observe approximately the Γ ∝ E 3/2 scaling that has been predicted for runaway breakdown in air [17] , which involves similar physics. In a fully ionized plasma, (14) reduces to the simplified version of the growth rate given by Rosenbluth-Putvinski [5] :
We validate the avalanche growth rate formula (14) by comparing to simulations using a FokkerPlanck solver, code [18, 19] , which is equipped with a field-particle Boltzmann operator for avalanche generation to model C ava [20] . Our expression gives accurate predictions from E ≈ E eff c to strong electric fields and from trace impurity contents to impurity densities n Z n D . For neon and argon impurity ions (Ar 0 , Ar 2+ , Ar 5+ , Ar 7+ , Ar 10+ , Ne 0 , Ne 1+ and Ne 5+ ), the maximum deviation between the simulated results and (14) is of the order of 20 %. As an example, figure 1 shows the avalanche growth rate for Ar + , including comparisons with the Rosenbluth-Putvinski result (15) and the model employed in [14] . Note that our results for the avalanche growth rate differ substantially from previously used results. Compared to our results, [14] for example obtains approximately half our growth rate at high impurity densities as shown in figure 1 , but up to twice our predicted values at argon densities much lower than the deuterium density. This is likely due to their use of both a simplified model for the screening effects and a test-particle model of the avalanche dynamics.
Effect of massive material injection on the avalanche multiplication factor.-Having derived an expression for the avalanche growth rate (14), we can now address the effect of different plasma compositions on the avalanche multiplication factor using (8) . Figure 2 shows the logarithm of the on-axis avalanche multiplication factor n RE /n seed , as a function of density of deuterium and Ne + or Ar + impurities, in an ITERlike scenario with minor radius a = 2 m and plasma current I 0 = 15 MA, evaluated using (8) . In this case, the Rosenbluth-Putvinski growth rate (15) predicts a multiplication factor of approximately 10 14 -10 16 ; our model predicts this number to increase dramatically by § In order to produce a well-behaved formula also for E < E eff c , which may be used to approximately describe runaway decay at near-critical electric fields, one may replace p = p (E eff c ) for E < E eff c . accounting more carefully for the presence of partially ionized impurities. For example, as shown in figure 2 , the avalanche multiplication factor at neon or argon densities around n Z = 10 20 m −3 is tens of orders of magnitude higher than the Rosenbluth-Putvinski prediction, without deuterium injection. In contrast, with significant deuterium injection the RosenbluthPutvinski prediction is recovered.
We note that deuterium densities of n D 10 22 m −3 would be needed to suppress the runaway avalanche. The decimal logarithm of the avalanche multiplication factor given by (8) as a function of deuterium and impurity density for (a,c) neon and (b,d) argon. The impurity charge states were chosen from coronal equilibrium at 5 eV (top panels) and 10 eV (bottom panels).
As of yet, there is considerable uncertainty in the literature regarding the required amount of injected impurities to obtain a certain current quench time;
for example, Martín-Solís et al. report that impurity density much lower than the background plasma density are sufficient [14] , whereas Fehér et al. report required impurity densities of the order of the plasma density [21] . To reflect these uncertainties, we here assume a fixed background temperature of T =5 eV or 10 eV, and illustrate how different impurity densities modify the avalanche multiplication. Accordingly, we determine the impurity charge states by assuming coronal equilibrium for the impurities; at 5 eV, this gives an effective net charge Z eff = j n j Z 2 0 / j n j Z 0 of 2.0 for neon and 2.7 for argon (in the absence of deuterium), while the corresponding values at 10 eV are 3.0 for neon and 3.8 for argon.
With partial screening, the current quench time affects the avalanche multiplication factor through the maximum induced electric field; as shown in the bottom panels of figure 2, massive material injection has a greater effect on the avalanche multiplication factor at lower temperatures, corresponding to shorter current quench times (here, t CQ was in the range 12-27 ms at 5 eV, and 20-68 ms at 10 eV). Notably, in previous models where Γ ∝ E , the temperature and density dependence (and thus the current quench time) cancels out in (8) , except for a weak dependence through the Coulomb logarithm. In such idealized models, it is therefore only the dependence of the avalanche growth rate on Z eff that significantly affects the avalanche multiplication factor.
Impurity injection increases the runaway current even in non-trace scenarios, where the runaway current contributes to the electric-field evolution. To illustrate this effect, we used the numerical tool go [21, 15] to solve (5), accounting for a finite runaway electron current through j = σE + ecn RE , where we let the runaway current evolve according to (1) and (14) . We use an ITER-like scenario described by Fehér et al. [21] , with an initial plasma current of 15 MA, temperature T = 5 eV, magnetic field 5.3 T, major radius 6.2 m, minor radius 2 m (of both the plasma edge and of the conducting wall), and a radial current profile such that the on-axis poloidal flux is ψ p (0) ≈ 90 Vs. For example, at an impurity density of n Z = n D = 10 20 m −3 , a small constant runaway seed of n seed = 10 3 m −3
produces a relatively modest final runaway current with the completely screened Rosenbluth-Putvinski growth rate (15): 1.1 MA for neon versus 0.9 MA for argon. In contrast, the resulting runaway current is substantial when partial screening is accounted for:
For lower impurity densities n Z = 10 19 m −3 but higher deuterium densities, n D = 10 21 m −3 , the lower avalanche multiplication factor from figure 2 results in a significantly lower maximal runaway current:
which is only slightly higher than the completely screened result I RE = 1.6 MA (for both argon and neon as Z eff ≈ 1).
Discussion and conclusions.-In this Letter, we present a calculation of the avalanche growth rate of runaway electrons in the presence of partially ionized impurities, summarized by the semi-analytic formula (14) . We evaluate the avalanche amplification following a thermal quench induced by massive material injection, assuming a constant impurity density profile at fixed temperature. Our findings are striking: the injection of impurities can exacerbate the runaway avalanche problem, and with an ITERlike deuterium density and impurity densities near 10 20 m −3 , the avalanche amplification of a runaway seed can be in excess of 10 35 . This can be compared with the Rosenbluth-Putvinski estimate with values near 10 16 . Density regimes of such strongly enhanced runaway growth rate should be carefully avoided in ITER.
The ITER disruption mitigation system employs high-Z material injection in order to reduce the current quench time because of thermal and force load constraints. For runaway mitigation purposes, it has been suggested that this should be combined with massive deuterium injection in order to suppress runaway generation by raising the critical electric field without violating the current quench time requirements [1, 14] .
Our results emphasize the importance of successfully raising the deuterium density throughout the post-disruptive ITER plasma, as this will effectively mitigate the detrimental effect of the impurities on runaway generation. However, it is currently uncertain if it is feasible to quickly assimilate large amounts of material, and some experiments show poor penetration of injected material into the runawayelectron beam region [22, 23] . Even provided that the combined injection of impurities and deuterium is successful, accurate models of avalanche generation in partially ionized plasmas are still needed in order to assess the efficacy of the method.
For predictive modeling of disruption mitigation, it is necessary to include self-consistent impurity dynamics as well as radial runaway transport. The avalanche growth rate obtained here can be readily implemented in disruption modeling tools, although this only allows for energy-independent radial transport. Alternatively, energy-dependent transport coefficients can be included in an effective avalanche growth rate [24] . A simplified approach to runaway transport was suggested by Boozer [6, 13] . If the flux surfaces are broken during the disruption, and the runaways are lost before they reach relativistic speeds, it is only the poloidal flux change that occurs after flux surfaces have healed that contributes to runaway multiplication. In our model, I 0 and n seed should then denote the remaining plasma current and seed density once flux surfaces have healed.
